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Macroscopic fluctuations have become an essential tool to understand physics far from equilibrium
due to the link between their statistics and nonequilibrium ensembles. The optimal path leading to
a fluctuation encodes key information on this problem, shedding light on e.g. the physics behind the
enhanced probability of rare events out of equilibrium, the possibility of dynamic phase transitions
and new symmetries. This makes the understanding of the properties of these optimal paths a
central issue. Here we derive a fundamental relation which strongly constraints the architecture of
these optimal paths for general d-dimensional nonequilibrium diffusive systems, and implies a non-
trivial structure for the dominant current vector fields. Interestingly, this general relation (which
encompasses and explains previous results) makes manifest the spatio-temporal non-locality of the
current statistics and the associated optimal trajectories.
PACS numbers: 05.40.–a, 11.30.Qc, 66.10.C–
I. INTRODUCTION
Understanding the statistics of macroscopic fluctua-
tions in nonequilibrium systems remains as a major chal-
lenge of theoretical physics. This interest is rooted in
the prominent role that fluctuations play in equilibrium,
where their statistics is directly linked to the relevant
thermodynamic potentials via the Einstein formula [1, 2].
Similarly, it is nowadays expected that a deeper under-
standing of nonequilibrium fluctuations will pave the way
to a sound definition of nonequilibrium potentials [3–5],
though we already know that these functions do typi-
cally have some striking features peculiar to nonequilib-
rium behavior (as e.g. non-local behavior leading to long-
range correlations). Among all possible observables that
can be defined, the currents of locally-conserved quanti-
ties play a key role as tokens of nonequilibrium physics,
appearing in response to any driving mechanism (as e.g.
a boundary gradient or external field) pushing the system
out of equilibrium. In this way, the distribution of cur-
rent fluctuations is a central object of investigation, with
the associated current large deviation function (LDF) [6]
acting as a marginal of the nonequilibrium analog of ther-
modynamic potential.
In recent years, a macroscopic fluctuation theory
(MFT) has been formulated [3, 7–10] to study dynamic
fluctuations in systems far from equilibrium, starting
from a mesoscopic description of the system of interest
in terms of fluctuating hydrodynamics [11–21]. Indeed
MFT needs of only a few transport coefficients which
can be easily determined in experiments or simulations.
From this starting point, MFT offers detailed predictions
for the large deviation functions of interest in terms of
a complex spatio-temporal variational problem for the
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locally-conserved fields and the associated currents [3].
As an interesting by-product, MFT also determines the
optimal path to a fluctuation from the solution of the
Euler-Lagrange equations for this variational problem.
Understanding the properties and spatio-temporal struc-
ture of these optimal paths is of paramount importance,
as they contain information on possible dynamic phase
transitions appearing at the fluctuating level [5, 22–31],
while their symmetry properties lead to new fluctuation
theorems [32–44].
The complexity of the MFT variational problem is such
that most studies to date have focused on the current
statistics of oversimplified one-dimensional (1d) trans-
port models for which the MFT problem is somewhat
simpler, specially when aided with the Additivity Prin-
ciple [45–53]. Only very recently MFT has been used to
understand current fluctuations in more realistic high-
dimensional (d > 1) systems [5, 31, 39, 54–57], and these
studies have unveiled a rich phenomenology which only
appears for d > 1, including hidden symmetries leading
to new fluctuation theorems [39], a weak generalization
of the Additivity Principle [56], and complex dynamic
phase transitions associated to competing emergent or-
ders and symmetry breaking phenomena [31]. Crucially,
the richness found in d > 1 stems in all cases from the
relevance of structured optimal current fields at the fluc-
tuating level, a common trait of all these new results
[31, 56, 57]. In this paper we show that structured opti-
mal current fields are a fundamental requirement of any
high-dimensional fluctuating theory, rather than a math-
ematical accident. In particular, a simple calculation
within MFT allows us to relate the Jacobian matrix of
the reduced optimal current field (to be defined below)
with the Hessian matrix of a response field which guar-
antees that the continuity equation (expressing the local
conservation law) is fulfilled at all points of space and
time. A natural analyticity requirement for this response
field then leads to a strong condition on the reduced op-
timal current field: in brief, the optimal current vector
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2FIG. 1. (Color online) Optimal solution for the current vector
field (a) and the density field (b and c) associated to a given
current fluctuation in the 2dKipnis-Marchioro-Presutti model
of heat transport in contact with two boundary thermal baths
at temperatures ρ(x = 0) = ρ0 = 3 and ρ(x = 1) = ρ1 = 1
and no external field (in this model the locally-conserved den-
sity field is the energy). Gray lines in (a) depict both local
components of the optimal current vector field, while red ar-
rows show the resultant vectors. Note the non-trivial struc-
ture of the y-component of the current field along the gradient
x-direction, in stark contrast with the constant, structureless
current x-component.
field is bounded to exhibit non-trivial structure along the
dominant direction in all its orthogonal components, and
this structure is coupled to the optimal density field via
the mobility transport coefficient. This coupling is ex-
plicitly non-local in space and time, a main feature of
nonequilibrium physics. This result sheds new light and
encompass all previous works on current fluctuations in
d > 1, opening the door to further developments in this
field.
To illustrate the meaning of the structure described
above, we show in Fig. 1 both the optimal density ρ(x)
and current vector fields associated to a particular (rare)
current fluctuation in a broadly studied driven diffusive
system, the two-dimensional Kipnis-Marchioro-Presutti
(KMP) model of heat transport in contact with two
boundary thermal baths located at x = 0, 1 and no ex-
ternal field [56]. In this case, the dominant direction of
structure formation corresponds to that of the temper-
ature gradient, resulting in optimal density fields with
structure only along the x-direction (Fig. 1.b-c). Conse-
quently, the optimal current vector field exhibits a non-
trivial structure in its y-component along the gradient x-
direction, proportional to the local density field squared
as dictated by the KMP mobility transport coefficient,
which is simply σ(ρ) = ρ2. This structure of the current
y-component, which contrasts with the constant struc-
tureless x-component (Fig. 1.a), is the manifestation of
a general theorem for driven diffusive systems that we
prove next.
II. MACROSCOPIC FLUCTUATION THEORY
To be more precise, we focus now on a broad class of
d-dimensional anisotropic driven diffusive systems char-
acterized by a density field ρ(r, t), with r ∈ Λ ≡ [0, 1]d
and t ∈ [0, τ ], which represents any locally-conserved ob-
servable as e.g. a density of particles, energy, charge, etc.
This density field evolves in time according to the follow-
ing fluctuating hydrodynamics equation [3–5]
∂tρ(r, t) +∇ ·
(
−Dˆ(ρ)∇ρ(r, t) + σˆ(ρ)E+ ξ(r, t)
)
= 0 .
(1)
The field ϕ(r, t) ≡ −Dˆ(ρ)∇ρ(r, t) + σˆ(ρ)E+ ξ(r, t) acts
as a fluctuating current, with E an external driving field.
In this way Eq. (1) is nothing but the continuity equa-
tion expressing the local conservation law. The deter-
ministic part of the current field ϕ(r, t) is given by Fick’s
law under external driving, where Dˆ(ρ) ≡ D(ρ)Aˆ and
σˆ(ρ) = σ(ρ)Aˆ are the diffusivity and mobility matrices,
respectively, and Aˆ is a diagonal anisotropy matrix with
components Aˆαβ = aαδαβ , α, β ∈ [1, d], which we assume
constant and independent of the local density. The vec-
tor field ξ(r, t) is a Gaussian white noise term with zero
average, 〈ξ(r, t)〉 = 0, and variance
〈ξα(r, t)ξβ(r′, t′)〉 = σ(ρ)
Ld
aαδαβδ(r− r′)δ(t− t′) ,
with L the system size in natural units. This (conserved)
noise term accounts for the many fast microscopic de-
grees of freedom which are averaged out in the coarse-
graining procedure leading to Eq. (1). Note that, at this
mesoscopic level of description, the diffusion and mobil-
ity transport matrices fully characterize the dynamic and
fluctuation properties of the model at hand. In general,
systems described in this way are driven out of equilib-
rium by either (a) the action of the bulk external field E,
(b) a boundary gradient imposed by appropriate bound-
ary conditions on the density field (more on this below),
or (c) possibly by the combined action of both (bulk
+ boundary) driving mechanisms. However, in the ab-
sence of driving, we expect the system to relax to equi-
librium. In this case both transport coefficients cannot
be independent, being related via a local Einstein rela-
tion Dˆ(ρ) = σˆ(ρ)f ′′0 (ρ), with f0(ρ) the equilibrium free
energy density of the system of interest and ′ denoting
differentitation with respect to the argument. Our results
3below can be however easily generalized to more general
theories violating the previous condition.
Starting from the Fokker-Planck description of the
Langevin equation (1), and using a path integral rep-
resentation, the probability of observing a particular tra-
jectory {ρ(r, t), j(r, t)}τ0 of duration τ for the density and
current fields can be written as [3–5]
P ({ρ, j}τ0) ∼ exp
(
+ LdIτ [ρ, j]
)
, (2)
meaning that
lim
L→∞
1
Ld
ln P ({ρ, j}τ0) = Iτ [ρ, j] .
The action of Eq. (2) is
Iτ [ρ, j] = −
∫ τ
0
dt
∫
Λ
dr
1
2σ(ρ)
J (r, t) · Aˆ−1J (r, t) , (3)
with the definition
J (r, t) ≡ j+ Dˆ(ρ)∇ρ− σˆ(ρ)E , (4)
and the additional constraint that the fields ρ(r, t) and
j(r, t) must be coupled via the continuity equation at
every point of space and time, see Eq. (1),
∂tρ(r, t) +∇ · j(r, t) = 0 . (5)
For trajectories {ρ, j}τ0 not obeying this continuity con-
straint or the appropriate boundary conditions (which
depend on the particular problem at hand, see below),
Iτ [ρ, j] → −∞. Note that the field J (r, t) in Eq. (3)
is nothing but the excess current, i.e. the departure of
the current vector field j(r, t) from its constitutive form
−Dˆ(ρ)∇ρ+ σˆ(ρ)E associated to the coupled density field
via Fick’s law under external driving. Eq. (3) and the as-
sociated definitions constitute the fundamental formula
of macroscopic fluctuation theory [3], from which many
important and general results can be derived, valid arbi-
trarily far from equilibrium.
The probability Pτ (q) of observing a space- and time-
averaged empirical current q, defined as
q =
1
τ
∫ τ
0
dt
∫
Λ
dr j(r, t) , (6)
can be now obtained by summing up the probability of
all trajectories {ρ, j}τ0 compatible with the constraint (6)
on the empirical current and the continuity constraint
(5). Mathematically
Pτ (q) =
∫
DρDj P ({ρ, j}τ0) δ (∂tρ+∇ · j)×
× δ
(
q− τ−1
∫ τ
0
dt
∫
Λ
dr j
)
,
with the Dirac δ-functionals guaranteeing the above con-
traints. We can now just use the Fourier-Laplace repre-
sentation of these δ-functionals, namely
δ
(
q− τ−1
∫ τ
0
dt
∫
Λ
dr j
)
=
∫
dλ e−L
dλ·[τq−∫ τ
0
dt
∫
Λ
dr j(r,t)] ,
δ (∂tρ+∇ · j) =
∫
Dψ e−Ld
∫ τ
0
dt
∫
Λ
drψ(r,t)(∂tρ+∇·j) ,
and the large deviation principle Eq. (2) to arrive at
Pτ (q) ∼
∫
DρDjDψ dλ exp (+LdIτ [ρ, j, ψ,λ])
where the modified action reads
Iτ [ρ, j, ψ,λ] = −
∫ τ
0
dt
∫
Λ
dr
[ 1
2σ(ρ)
J · Aˆ−1J +
+ ψ(r, t) (∂tρ+∇ · j) + λ · [q− j(r, t)]
]
.
For long times and large system sizes, the probability of
observing an empirical current q peaks around the av-
erage current 〈q〉 as Pτ (q) ∼ exp[+τLdG(q)], and the
concentration rate G(q) defines the current large devia-
tion function. This is a measure of the exponential rate
at which the likelihood of observing a current q 6= 〈q〉
decays as τ and L increase (note that, consequently,
G(〈q〉) = 0). In this limit, the current LDF can be writ-
ten as
G(q) = lim
τ→∞
1
τ
max
{ρ,j,ψ,λ}τ0
Iτ [ρ, j, ψ,λ] . (7)
III. STRUCTURE OF THE OPTIMAL PATH
The set (ρq, jq, ψq,λq) of optimal fields which solve
this variational problem define the most probable path
leading to a current fluctuation q. Equations for these
optimal fields can be derived now by functional differen-
tiation of the above modified action. In particular, by
varying over the density field, ρ(r, t)→ ρ(r, t) + δρ(r, t),
we arrive at the following partial differential equation
∂tψq = H(ρq)−
σ′q
2σ2q
jq · Aˆ−1jq + σq
2
E · AˆE ,
where we have defined
H(ρq) ≡ −
[
∇
(
D2q
2σq
)
+
D2q
σq
∇
]
· Aˆ∇ρq ,
with Dq ≡ D(ρq) and σq ≡ σ(ρq). Another equation is
obtained by varying over the current field, j → j + δj,
leading to
J q = σˆq (λq +∇ψq) (8)
where J q = jq + Dˆq∇ρq − σˆqE is the optimal excess
current, see Eq. (4). Finally, variations over ψ and λ
lead respectively to the constraints (5) and (6) for the
optimal density and current fields, ρq(r, t) and jq(r, t).
Before continuing, we can now gain some insight on
the physical interpretation of λq and ψq by using the
local Einstein formula Dˆq = σˆqf
′′
0 (ρq) to write Fick’s
law under external driving as −Dˆq∇ρq + σˆqE = σˆq[E−
4∇(δF0/δρq)], where F0(ρ) =
∫
Λ
dr f0(ρ) is the equilib-
rium free energy functional of the system of interest. Us-
ing this in Eq. (8) we find that
jq = σˆq
[
(E+ λq)−∇
(
δF0
δρq
− ψq
)]
. (9)
In this way, λq and ψq(r, t) can be interpreted respec-
tively as the additional bulk field and boundary driving
(i.e. chemical potential) necessary to obtain the current
field jq(r, t) within Fick’s law under external driving. Al-
ternatively, note also that ψq is nothing but the (opti-
mal) Legendre multiplier associated to continuity equa-
tion, Eq. 5, and as such it is intimately related to the
noise field. Indeed, the field ψ selects those noise real-
izations compatible with Fick’s law and the local conser-
vation law (this can be better seen in the Hamiltonian
formulation of the problem [30, 58] where ψ plays the
role of the conjugate moment to the density).
Eq. (8), or equivalently Eq. (9), sets strong conditions
on the structure of the optimal current field. In par-
ticular, if we define now the reduced (optimal) excess
current χq(r, t) ≡ σˆ−1q J q(r, t) and take its Jacobian ma-
trix ∇χq, with components (∇χq)αβ = ∂αχq,β , we have
from Eq. (8) that ∇χq = ∇∇ψq, or equivalently
∂αχq,β = ∂α∂βψq . (10)
In words, the Jacobian matrix of the reduced (optimal)
excess current χq corresponds to the Hessian of the re-
sponse field ψq associated to the continuity equation (5).
This observation thus leads to the following strong result:
Theorem: Let the response function ψq : Λ
d×[0, τ ]→
R be a C2-class function of spatial coordinates, i.e. a
function twice continuously differentiable in its spatial
domain. Then
∂β
(
jα,q
aασq
)
= ∂α
(
jβ,q
aβσq
)
∀ (r, t) ∈ Λd × [0, τ ] . (11)
Proof : Schwarz’s theorem [59] states that if a func-
tion ψq has continuous second partial derivatives at any
given spatial point in Λd then its Hessian matrix is sym-
metric at this point, ∂α∂βψq = ∂β∂αψq. This immedi-
ately implies, via Eq. (10), that the Jacobian of the re-
duced (optimal) excess current is itself a symmetric ma-
trix, i.e. ∂αχq,β = ∂βχq,α ∀α, β ∈ [1, d]. From this sym-
metry, and using the definitions of χq and J q above,
and the relation ∂α(Dq/σq)∂βρq = ∂β(Dq/σq)∂αρq =
(Dq/σq)
′∂αρq∂βρq, we immediately arrive at the funda-
mental relation (11). Note that the C2-differentiability
of the response function ψq is a natural requirement
for most physical solutions to this variational problem,
though we cannot discard the possible existence of sin-
gular, non-differentiable solutions for ψq which would vi-
olate (11) at singular points. Note also that a weaker
condition for ψq which nevertheless suffices to ensure the
symmetry of its Hessian matrix is that all partial deriva-
tives are themselves differentiable.
To better understand the tight constraints that
Eq. (11) imposes on the optimal current fields, it is im-
portant to realize that in all high-dimensional problems
studied in literature up to now the dominant paths re-
sponsible of a current fluctuation, corresponding to the
global extrema of the action Iτ in Eq. (7), always ex-
hibit structure (if any) along a principal direction, that
we denote here as x‖ [5, 31, 54–57]. This means in par-
ticular that ρq(r, t) = ρq(x‖, t) and jq(r, t) = jq(x‖, t).
Examples include open systems subject to a boundary
gradient, which develop structure along the gradient di-
rection (irrespective of the external field) [56], see e.g.
Fig. 1 above; or closed driven diffusive systems with pe-
riodic boundary conditions, for which different dynamic
phase transitions appear to current regimes characterized
by traveling waves with structure along one of the princi-
pal axes of the system of interest [31]. In all these cases,
condition (11) leads to
∂‖
(
jβ,q
aβσq
)
= 0 ∀β 6=‖ ,
which immediately implies that jβ,q(x‖, t) =
kβσ[ρq(x‖, t)] ∀β 6=‖, with kβ a direction-dependent
constant which follows from the constraint (6) on the
empirical current q. Therefore we arrive at
jβ,q(x‖, t) = qβ
τσ[ρq(x‖, t)]∫ τ
0
ds
∫ 1
0
dy σ[ρq(y, s)]
∀β 6=‖ .
(12)
In this way the relation between the Jacobian matrix
for χq and the Hessian matrix of the response field ψq,
together with a natural analyticity condition for the lat-
ter, force the optimal current vector field jq to exhibit
non-trivial structure along the dominant direction ‖ in
all its orthogonal components β 6=‖, and this structure
is coupled to the optimal density field ρq via the mo-
bility transport coefficient σ(ρq). Interestingly, this re-
sult makes manifest the spatio-temporal nonlocality of the
current LDF (7) and the associated optimal trajectories,
as the optimal current field at a given point of space
and time depends explicitly on the space-time integral of
the mobility of the optimal density field, see the denom-
inator in Eq. (12). Note also that conditions (11) and
(12) become empty for d = 1, where structureless opti-
mal current fields are still possible [45, 49, 50], evidenc-
ing the richness of the fluctuation landscape for d > 1
driven diffusive systems when compared with their one-
dimensional counterparts.
IV. CONNECTION WITH PREVIOUS RESULTS
We next explore how previous results on current fluc-
tuations for both open and closed d > 1 driven diffusive
systems fit into the above general result. First we con-
sider the case of open systems under an external gradi-
ent along an arbitrary direction x‖. For that we fix the
5boundary densities to ρ(r, t)|x‖=0,1 = ρ0,1, which drive
the system out of equilibrium as soon as ρ0 6= ρ1, setting
periodic boundary conditions for all other directions of
space. This class of systems has been broadly studied
during the last years, finding that a simplifying conjec-
ture within MFT known as (weak) Additivity Principle
(AP) [56] allows to solve the problem of current statis-
tics both for d = 1 [5, 45, 49–51] and d > 1 [54–57, 60].
The AP, which offers explicit expressions for the current
LDF and the optimal paths supporting a given fluctua-
tion, establishes that the most probable trajectory to a
current fluctuation is time-independent (apart from some
initial and final transients of negligible weight for the cur-
rent LDF). In this case ρq = ρq(x‖) and jq = jq(x‖), so
the continuity constraint Eq. (5) implies a divergence-
free optimal current field, ∇ · jq(x‖) = ∂‖j‖,q(x‖) = 0.
These observations, together with our general condition
(12) and the constraint (6) on the empirical current q,
lead to an optimal current field jq(x‖) = (q‖, j⊥,q) with
j⊥,q(x‖) = q⊥
σ[ρq(x‖)]∫ 1
0
dy σ[ρq(y)]
,
and where we have decomposed q = (q‖,q⊥) along the
gradient (‖) and all other, (d−1) directions (⊥). This cor-
responds exactly to the result obtained previously from
the weak Additivity Principle as applied to d-dimensional
driven diffusive systems [56], starting from a variational
problem for general but divergence-free current fields
with structure along one dominant direction. Our gen-
eral theorem (11) allows now to understand this structure
as a direct consequence of the symmetry of the Jacobian
matrix associated to the reduced excess current. Note
that this result is not compatible with the straightfor-
ward extension to d > 1 of the 1d-system solution (which
considers the optimal current field to be constant [45, 48–
50]).
To end this paper, we consider current fluctuations in
closed d-dimensional anisotropic driven diffusive systems
under an external field E [31]. For that we set peri-
odic boundary conditions along all directions of space.
Due to the system periodicity, the total mass is con-
served so ρ0 =
∫
Λ
ρq(r, t)dr is constant in time, a fur-
ther constraint that has to be taken care of in the MFT
variational problem. A detailed analysis of the resulting
MFT equations shows [5, 22–24, 31] that a 2nd-order dy-
namic phase transition (DPT) appears at a given crit-
ical current for this broad family of systems between
a homogeneous fluctuation phase with Gaussian cur-
rent statistics and constant, structureless optimal fields,
ρq(r, t) = ρ0 and jq(r, t) = q, and a symmetry-broken
non-Gaussian phase characterized by the emergence of
coherent traveling waves with structure along a dominant
direction, ρq(r, t) = ωq(x‖−vt) and jq(r, t) = jq(x‖−vt),
with v some velocity [31]. Interestingly, for mild or no
anisotropy, different traveling-wave phases appear de-
pending on the current separated by lines of 1st-order
DPTs, a degeneracy which disappears beyond a critical
anisotropy. This richness of the fluctuation phase dia-
gram stems again from the relevance of structured cur-
rent fields at the fluctuating level, a seemingly mathe-
matical accident which takes full significance at the light
of our general result (11). In particular, the continuity
equation ∂tρq+∇·jq = 0 applied to the 1d traveling-wave
structure implies that ∂‖[j‖,q(z‖)−vω(z‖)] = 0, where we
have defined z‖ ≡ x‖−vt, and this together with the con-
straint (6) on the empirical current leads to j‖,q(z‖) =
q‖ − v[ρ0 − ωq(z‖)]. On the other hand, all orthogo-
nal current components follow directly from our theorem
above as j⊥,q(z‖) = q⊥σ[ωq(z‖)]/
∫ 1
0
dy σ[ωq(y)]. This
result, which is markedly different from the traveling-
wave structure found in 1d models [22, 24, 39], has been
recently derived within MFT after a careful analysis of
the local stability of the homogeneous, Gaussian cur-
rent phase against small but otherwise arbitrary spatio-
temporal perturbations [31]. However its understand-
ing as a direct consequence of the general condition (11)
sheds new light onto this problem.
V. CONCLUSIONS
In summary, we have derived a fundamental relation
which strongly constraints the structure of the optimal
path sustaining a given current fluctuation. In particu-
lar, when a principal direction exists, the optimal cur-
rent vector field is bounded to exhibit non-trivial struc-
ture along this dominant direction in all its orthogonal
components, a structure coupled to the optimal density
field via the mobility transport coefficient. This has been
done by relating within macroscopic fluctuation theory
the Jacobian matrix of the reduced optimal current field
with the Hessian matrix of the response field associated
to the continuity equation, and requiring analyticity for
the latter. In this sense, we prove here that the struc-
tured optimal current fields predicted and observed by
a number of recent works [31, 56, 57] is indeed a funda-
mental requirement of any high-dimensional fluctuating
theory, rather than a mathematical accident. Remark-
ably, our result also makes manifest the non-locality in
space and time of the current large deviation function
and the associated optimal trajectories. This result hence
serves as a starting point in the study of fluctuations in
complex d-dimensional systems, constraining the form of
the optimal paths and thus aiding in the formulation of
simplifying hypotheses to solve these complex variational
problems in nonequilibrium statistical physics.
ACKNOWLEDGMENTS
We thank C. Pe´rez-Espigares for useful discussions.
Financial support from Spanish project FIS2013-43201-
P (Ministerio de Economı´a y Competitividad) and
FPU13/05633 is acknowledged.
6[1] A Einstein, “Theorie der opaleszenz von homogenen
flu¨ssigkeiten und flu¨ssigkeitsgemischen in der na¨he des
kritischen zustandes,” Ann. Phys. (Berlin) 33, 1275
(1910).
[2] L. Landau and E. Lifshitz, Course of theoretical physics.
Vol. 5: Statistical physics (Pergamon Press, 1968).
[3] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and
C. Landim, “Macroscopic fluctuation theory,” Rev. Mod.
Phys. 87, 593–636 (2015).
[4] B. Derrida, “Non-equilibrium steady states: fluctuations
and large deviations of the density and of the current,”
J. Stat. Mech.: Theory Exp. (2007) P07023.
[5] P. I. Hurtado, C. P. Espigares, J. J. del Pozo, and P. L.
Garrido, “Thermodynamics of currents in nonequilib-
rium diffusive systems: theory and simulation,” J. Stat.
Phys. 154, 214–264 (2014).
[6] H. Touchette, “The large deviation approach to statisti-
cal mechanics,” Phys. Rep. 478, 1–69 (2009).
[7] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio,
and C. Landim, “Fluctuations in stationary nonequilib-
rium states of irreversible processes,” Phys. Rev. Lett.
87, 040601 (2001).
[8] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and
C. Landim, “Macroscopic fluctuation theory for station-
ary non-equilibrium states,” J. Stat. Phys. 107, 635–675
(2002).
[9] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio,
and C. Landim, “Current fluctuations in stochastic lat-
tice gases,” Phys. Rev. Lett. 94, 030601 (2005).
[10] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio,
and C. Landim, “Nonequilibrium current fluctuations in
stochastic lattice gases,” J. Stat. Phys. 123, 237–276
(2006).
[11] S. Sasa, “A perturbation theory for large deviation func-
tionals in fluctuating hydrodynamics,” J. Phys. A 41,
045006 (2008).
[12] L. Bertini, D. Gabrielli, G. Jona-Lasinio, and C. Landim,
“Thermodynamic transformations of nonequilibrium
states,” J. Stat. Phys. 149, 773–802 (2012).
[13] L. Bertini, D. Gabrielli, G. Jona-Lasinio, and C. Landim,
“Clausius inequality and optimality of quasistatic trans-
formations for nonequilibrium stationary states,” Phys.
Rev. Lett. 110, 020601 (2013).
[14] A. Prados, A. Lasanta, and P. I. Hurtado, “Large fluc-
tuations in driven dissipative media,” Phys. Rev. Lett.
107, 140601 (2011).
[15] A. Prados, A. Lasanta, and P. I. Hurtado, “Nonlinear
driven diffusive systems with dissipation: Fluctuating hy-
drodynamics,” Phys. Rev. E 86, 031134 (2012).
[16] P. I. Hurtado, A. Lasanta, and A. Prados, “Typical
and rare fluctuations in nonlinear driven diffusive sys-
tems with dissipation,” Phys. Rev. E 88, 022110 (2013).
[17] R. L. Jack, I. R. Thompson, and P. Sollich, “Hyper-
uniformity and phase separation in biased ensembles of
trajectories for diffusive systems,” Phys. Rev. Lett. 114,
060601 (2015).
[18] T. Bodineau and M. Lagouge, “Current large deviations
in a driven dissipative model,” J. Stat. Phys. 139, 201–
218 (2010).
[19] P. L. Krapivsky, K. Mallick, and T. Sadhu, “Large de-
viations in single-file diffusion,” Phys. Rev. Lett. 113,
078101 (2014).
[20] B. Meerson and P. V. Sasorov, “Extreme current fluc-
tuations in lattice gases: Beyond nonequilibrium steady
states,” Phys. Rev. E 89, 010101 (2014).
[21] F. Bouchet, K. Gawe¸dzki, and C. Nardini, “Perturba-
tive calculation of quasi-potential in non-equilibrium dif-
fusions: a mean-field example,” J. Stat. Phys. 163, 1157–
1210 (2016).
[22] T. Bodineau and B. Derrida, “Distribution of current in
nonequilibrium diffusive systems and phase transitions,”
Phys. Rev. E 72, 066110 (2005).
[23] P. I. Hurtado and P. L. Garrido, “Spontaneous symmetry
breaking at the fluctuating level,” Phys. Rev. Lett. 107,
180601 (2011).
[24] C. Pe´rez-Espigares, P. L. Garrido, and P. I. Hurtado,
“Dynamical phase transition for current statistics in a
simple driven diffusive system,” Phys. Rev. E 87, 032115
(2013).
[25] L. Zarfaty and B. Meerson, “Statistics of large currents
in the Kipnis-Marchioro-Presutti model in a ring geome-
try,” J. Stat. Mech.: Theory Exp. (2016) P033304 .
[26] S. Vaikuntanathan, T. R. Gingrich, and P. L. Geissler,
“Dynamic phase transitions in simple driven kinetic net-
works,” Phys. Rev. E 89, 062108 (2014).
[27] K. D. N. T. Lam, J. Kurchan, and D. Levine, “Order
in extremal trajectories,” J. Stat. Phys. 137, 1079–1093
(2009).
[28] D. Chandler and J. P. Garrahan, “Dynamics on the way
to forming glass: bubbles in space-time.” Annu. Rev.
Phys. Chem. 61, 191–217 (2010).
[29] O. Shpielberg and E. Akkermans, “Le Chatelier princi-
ple for out-of-equilibrium and boundary-driven systems:
Application to dynamical phase transitions,” Phys. Rev.
Lett. 116, 240603 (2016).
[30] Y. Baek, Y. Kafri, and V. Lecomte, “Dynamical sym-
metry breaking and phase transitions in driven diffusive
systems,” Phys. Rev. Lett. 118, 030604 (2017).
[31] N. Tizo´n-Escamilla, C. Pe´rez-Espigares, P. L. Garrido,
and P. I. Hurtado, “Order and symmetry-breaking in
the fluctuations of driven systems,” arXiv:1606.07507
(2016).
[32] D. J. Evans, E. G. D. Cohen, and G. P. Morriss, “Prob-
ability of 2nd law violations in shearing steady-states,”
Phys. Rev. Lett. 71, 2401–2404 (1993).
[33] G. Gallavotti and E. G. D. Cohen, “Dynamical ensem-
bles in nonequilibrium statistical-mechanics,” Phys. Rev.
Lett. 74, 2694–2697 (1995).
[34] G. Gallavotti and E. G. D. Cohen, “Dynamical ensembles
in stationary states,” J. Stat. Phys. 80, 931–970 (1995).
[35] J. Kurchan, “Fluctuation theorem for stochastic dynam-
ics,” J. Phys. A 31, 3719–3729 (1998).
[36] J. L. Lebowitz and H. Spohn, “A Gallavotti-Cohen-type
symmetry in the large deviation functional for stochastic
dynamics,” J. Stat. Phys. 95, 333–365 (1999).
[37] D. Andrieux and P. Gaspard, “A fluctuation theorem for
currents and non-linear response coefficients,” J. Stat.
Mech.: Theory Exp. (2007) P02006 .
[38] G. Gallavotti, Nonequilibrium and Irreversibility, Theo-
retical and Mathematical Physics (Springer, 2014).
[39] P. I. Hurtado, C. Pe´rez-Espigares, J. J. del Pozo, and
P. L. Garrido, “Symmetries in fluctuations far from equi-
7librium,” Proc. Natl. Acad. Sci. USA 108, 7704–7709
(2011).
[40] R. Villavicencio-Sanchez, R. J. Harris, and H. Touchette,
“Fluctuation relations for anisotropic systems,” Euro-
phys. Lett. 105, 30009 (2014).
[41] D. Lacoste and P. Gaspard, “Isometric fluctuation re-
lations for equilibrium states with broken symmetry,”
Phys. Rev. Lett. 113, 240602 (2014).
[42] P. Gaspard, “Multivariate fluctuation relations for cur-
rents,” New J. Phys. 15, 115014 (2013).
[43] C. Pe´rez-Espigares, F. Redig, and C. Giardina`, “Spatial
fluctuation theorem,” J. Phys. A 48, 35FT01 (2015).
[44] N. Kumar, H. Soni, S. Ramaswamy, and A. K. Sood,
“Anisotropic isometric fluctuation relations in experi-
ment and theory on a self-propelled rod,” Phys. Rev. E
91, 030102 (2015).
[45] T. Bodineau and B. Derrida, “Current fluctuations in
nonequilibrium diffusive systems: An additivity princi-
ple,” Phys. Rev. Lett. 92, 180601 (2004).
[46] S. Pilgram, A. N. Jordan, E.V. Sukhorukov, and
M. Bu¨ttiker, “Stochastic path integral formulation of full
counting statistics,” Phys. Rev. Lett. 90, 206801 (2003).
[47] A. N. Jordan, E. V. Sukhorukov, and S. Pilgram, “Fluc-
tuation statistics in networks: A stochastic path integral
approach,” J. Math. Phys. 45, 4386–4417 (2004).
[48] T. Bodineau and B. Derrida, “Current large deviations
for asymmetric exclusion processes with open bound-
aries,” J. Stat. Phys. 123, 277–300 (2006).
[49] P. I. Hurtado and P. L. Garrido, “Test of the additiv-
ity principle for current fluctuations in a model of heat
conduction,” Phys. Rev. Lett. 102, 250601 (2009).
[50] P. I. Hurtado and P. L. Garrido, “Large fluctuations of
the macroscopic current in diffusive systems: A numer-
ical test of the additivity principle,” Phys. Rev. E 81,
041102 (2010).
[51] M. Gorissen and C. Vanderzande, “Current fluctuations
in the weakly asymmetric exclusion process with open
boundaries,” Phys. Rev. E 86, 051114 (2012).
[52] M. Gorissen, A. Lazarescu, K. Mallick, and C. Van-
derzande, “Exact current statistics of the asymmetric
simple exclusion process with open boundaries,” Phys.
Rev. Lett. 109, 170601 (2012).
[53] A. Lazarescu, “The physicist’s companion to current fluc-
tuations: one-dimensional bulk-driven lattice gases,” J.
Phys. A 48, 503001 (2015).
[54] E. Akkermans, T. Bodineau, B. Derrida, and O. Shpiel-
berg, “Universal current fluctuations in the symmetric
exclusion process and other diffusive systems,” Europhys.
Lett. 103, 20001 (2013).
[55] T. Becker, K. Nelissen, and B. Cleuren, “Current fluctu-
ations in boundary driven diffusive systems in different
dimensions: a numerical study,” New J. Phys. 17, 055023
(2015).
[56] C. Pe´rez-Espigares, P. L. Garrido, and P. I. Hurtado,
“Weak additivity principle for current statistics in d-
dimensions,” Phys. Rev. E 93, 040103(R) (2016).
[57] R. Villavicencio-Sanchez and R. J. Harris, “Local struc-
ture of current fluctuations in diffusive systems beyond
one dimension,” Phys. Rev. E 93, 032134 (2016).
[58] P.C. Martin, E.D. Siggia and H.A. Rose, “Statistical dy-
namics of classical systems,” Phys. Rev. A 8, 423 (1973).
[59] G. B. Arfken, H. J. Weber, and F. E. Harris, Math-
ematical methods for physicists: a comprehensive guide
(Academic Press, San Diego, 2011).
[60] K. Saito and A. Dhar, “Additivity principle in high-
dimensional deterministic systems,” Phys. Rev. Lett.
107, 250601 (2011).
